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ABSTRACT
Cereal grains are one of the most important sources of nutrients in both developed and developing countries. Quality
preservation of cereal grains is a major issue between harvest and utilization. Heat pump grain dryers can be used to
preserve grain quality during storage, since grain spoilage can be averted by drying or chilling the grain. In this paper,
the use of inverse methods to estimate grain properties during heat pump drying is investigated. An inverse method
was developed to estimate the bulk density and specific heat of cereal grains during heat pump drying during the heat
and mass transfer processes associated with drying the grain, using only grain temperature measurements as inputs.
The solution for the inverse problem was based on minimizing the sum of the squares of the errors between the
estimated and measured temperatures with respect to the unknown parameters. Since inverse problems are very
sensitive to inevitable measurements errors, the conjugate gradient method was used to overcome the ill-posedness of
the problem. The effects of measurement errors and the sensor location on the inverse solution were discussed. The
results showed that the inverse method works better when the sensor is located nearer to the bottom of the grain bed.
The close agreement between the exact and the estimated results indicates the potential of the developed method in
estimating the thermophysical properties in a variety of cereal grains.

1. INTRODUCTION
Cereal grains are important sources of nutrition for humans all over the world (Wrigley et al., 2017). Preserving the
quality of cereal grains post-harvest is essential. The mechanisms of spoilage for stored grain include fungal growth,
pests (such as insects), germination, and bacterial growth. Each of these mechanisms of growth can be reduced or
eliminated by controlling the temperature and moisture content of the grain (Bala, 2016; Maier, 1992). Grain dryers
are widely used to preserve grain quality. In the US, two common approaches to grain drying in grain storage bins are
to (1) aerate the grain, using a fan to push outdoor air through the grain; (2) use propane combustion to heat the air
prior to pushing it through the grain. One problem is that each approach is energy intensive; the typical aeration fan
energy needed to remove 1 kg of moisture is about 2500 kJ – coincidentally about the same as the enthalpy of
evaporation. As a result, about 1/3 of on-farm energy goes to grain drying in the US (Hansen et al., 1996).
The authors are developing a heat-pump-based automated grain storage system. Heat pumps have the potential to
remove moisture using far less energy than status quo methods, and also could be used to chill grain temporarily or
long-term as part of an integrated scheme to prevent spoilage. Three modes of operation are possible for a heat pump
– cooling, heating, and dehumidifying (by putting the condenser downstream of the evaporator). A method has been
developed to switch between these modes. By automating the storage system, it can use model predictive control to
maintain optimal moisture content (including avoidance of costly overdrying, which significantly impacts farm
revenue), reduce the required monitoring by farmers, and participate in smart-grid load management programs. This
automation requires an appropriate thermal model of the grain drying process.
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Grain drying includes both heat and mass transfer processes. In a typical grain bin, airflow moves from a raised plenum
at the bottom of the bin, upwards to the top of the bin. Grain is hygroscopic, so that moisture released at lower levels
is reabsorbed by grain above it that has a lower moisture content, just as heat is transferred to or from each layer of
grain. Mathematical modelling of grain drying can provide a better understanding about the thermal processes
occurring in a grain bin, spatially and temporally, during drying, and can form the basis of model predictive control
of the grain condition. Several mathematical models have been developed to simulate the deep-bed drying of cereal
grains (Aregba and Nadeau, 2007; Aregba et al., 2006; Dalpasquale et al., 2008; Iguaz et al., 2004; Khatchatourian et
al., 2017; Lopes et al., 2014; Lopes et al., 2015; Mandas and Habte, 2002; Martinello et al., 2013; Naghavi et al.,
2010; Sun and Woods, 1997; Sun et al., 1995; Zare and Chen, 2009).
Knowledge of the thermophysical properties of cereal grains is essential for mathematical modeling of grain
processing operations. However, measurement of thermophysical properties of cereal grains is challenging because of
their variable heterogeneous structure (Tavman and Tavman, 1998). There are several studies in the literature
describing methods for measuring the thermophysical properties of cereal grains (Alam and Shove, 1973; Babbitt,
1945; Bala and Woods, 1991; Chandra and Muir, 1971; Chang, 1986; Deshpande et al., 1996; Dua and Ojha, 1969;
Kustermann et al., 1981; Muir and Viravanichai, 1972; Varnamkhasti et al., 2008).
In food engineering, inverse methods have been used to estimate the thermophysical properties of food materials.
Zueco et al. (2004) developed an inverse procedure for estimation of the specific heat of two kinds of food, white fish
and lean beef. Simpson and Cortés (2004) proposed an inverse approach for the estimation of the apparent volumetric
specific heat of frozen foods.
In this paper, an inverse method is developed for estimating the bulk density and specific heat of cereal grains during
deep-bed grain drying. The mathematical model used in the direct model of the deep-bed grain drying process was
proposed by Sun et al. (Sun et al., 1995). A solution for the inverse problem is based on minimizing the sum of the
squares of the errors between the estimated and measured temperatures with respect to the unknown parameters. Since
inverse problems are ill-posed (Beck and Woodbury, 2016), the conjugate gradient method was used to overcome the
ill-posedness. The method, first proposed by Ebrahimifakhar and Yuill (2020), can be used to estimate the
thermophysical properties in a variety of cereal grains.

2. DIRECT PROBLEM
The deep-bed grain drying model (Sun et al., 1995) is composed of a set of four partial differential equations,
Equations (1)-(4), that describe the heat and mass transfer within a thin layer of a bed of grain during a small time
increment:
𝜕𝐻
𝜕𝑀
𝜕𝐻
= 𝜌𝑔
+ 𝜖𝜌𝑎
𝜕𝑥
𝜕𝑡
𝜕𝑡
𝜕𝑇
𝜕𝑇
𝜕𝑀
𝜌𝑎 𝜖(𝐶𝑎 + 𝐶𝑣 𝐻)
= −𝐺(𝐶𝑎 + 𝐶𝑣 𝐻)
− 𝑈(𝑇 − 𝜃) +
𝐶 𝜌 (𝑇 − 𝜃)
𝜕𝑡
𝜕𝑥
𝜕𝑡 𝑣 𝑔
𝜕𝜃 𝜕𝑀
𝜌𝑔 (𝐶𝑔 + 𝑀𝐶𝑤 )
=
𝜌 ∆𝐻(𝜃) + 𝑈(𝑇 − 𝜃)
𝜕𝑡
𝜕𝑡 𝑔
𝜕𝑀
= −𝐾(𝑀 − 𝑀𝑒𝑞 )
𝜕𝑡
−𝐺

(1)
(2)
(3)
(4)

To solve these equations, four initial conditions and two boundary conditions are required:
𝑇(𝑥, 𝑡 = 0) = 𝑇𝑖𝑛𝑖
𝐻(𝑥, 𝑡 = 0) = 𝐻𝑖𝑛𝑖
𝜃(𝑥, 𝑡 = 0) = 𝜃𝑖𝑛𝑖
𝑀(𝑥, 𝑡 = 0) = 𝑀𝑖𝑛𝑖
𝑇(𝑥 = 0, 𝑡) = 𝑇𝑖𝑛𝑙
𝐻(𝑥 = 0, 𝑡) = 𝐻𝑖𝑛𝑙
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In the direct problem, the boundary conditions, initial conditions, and thermophysical properties of the grain are all
known. The objective is to find the grain temperature and moisture content in the interior region of the grain bin, as a
function of time and position.

3. INVERSE PROBLEM
In the inverse problem, the thermophysical properties of the grain are unknown, while everything else is known. The
inverse problem uses grain temperature measurements taken at a specified location inside the grain bin, to estimate
the unknown parameters. The measured temperature data are known either from simulation or an experiment.
Let the measured grain temperatures at an interior point of the grain bin 𝑥𝑚𝑒𝑎𝑠 at different times 𝑡𝑖 (i=1, 2, …, I), over
a time interval 0 < 𝑡 ≤ 𝑡𝑓 , be shown by 𝜃 (𝑥𝑚𝑒𝑎𝑠 , 𝑡𝑖 ) = 𝑌𝑖 . 𝐼 is the total number of measurements, and 𝑡𝑓 is the final
time. The inverse problem is solved by minimizing the following objective function:
𝐼

𝑆(𝑷) = ∑[𝑌𝑖 − 𝜃𝑖 (𝑷)]2

(11)

𝑖=1

where the 𝜃𝑖 is the estimated grain temperature at time 𝑡𝑖 . The estimated temperatures are found by solving the direct
problem with estimates for the unknown parameters. 𝑷𝑇 = [𝑃1 , 𝑃2 , … , 𝑃𝑁 ] is the vector of unknown parameters.
Superscript 𝑇 shows the transpose, and 𝑁 is the total number of unknown parameters.
The conjugate gradient method (Ozisik and Orlande, 2000) is used for the minimization of the objective function:
𝑷𝑘+1 = 𝑷𝑘 − 𝛽𝑘 𝒅𝑘

(12)

where 𝛽 𝑘 is the search step size, 𝒅𝑘 is the descent direction, and 𝑘 is the number of iterations. The descent direction
is:
𝒅𝑘 = ∇𝑆(𝑷𝑘 ) + 𝛾 𝑘 𝒅𝑘−1

(13)

where ∇𝑆(𝑷𝑘 ) is the gradient direction, and 𝒅𝑘−1 is the descent direction of the previous iteration. The conjugation
coefficient 𝛾 𝑘 is:
𝑘
∑𝑁
𝑗=1[∇𝑆(𝑷 )]

𝑘

𝛾 =

2
𝑗

𝑘−1 )]
∑𝑁
𝑗=1[∇𝑆(𝑷
𝑗

2

for k=1, 2, …

(14)

with 𝛾 0 = 0 for k=0. [∇𝑆(𝑷𝑘 )]𝑗 is the jth component of the gradient direction calculated at iteration k, and is given
by:
[∇𝑆(𝑷𝑘 )]𝑗 = −2 ∑𝐼𝑖=1

𝜕𝜃𝑖
𝜕𝑃𝑗𝑘

[𝑌𝑖 − 𝜃𝑖 (𝑷𝑘 )]

for j=1, …, N

The first derivative of the estimated grain temperature at time 𝑡𝑖 with respect to the unknown parameter 𝑃𝑗 ,

(15)
𝜕𝜃𝑖
𝜕𝑃𝑗

, is

known as the sensitivity coefficient. The first-order finite-difference is used for the calculation of the sensitivity
coefficients:
𝜕𝜃𝑖 𝜃𝑖 (𝑃1 , 𝑃2 , … , 𝑃𝑗 + 𝜀𝑃𝑗 , … , 𝑃𝑁 ) − 𝜃𝑖 (𝑃1 , 𝑃2 , … , 𝑃𝑗 , … , 𝑃𝑁 )
≅
𝜕𝑃𝑗
𝜀𝑃𝑗
where 𝜀 ≈ 10−6 . The search step size 𝛽𝑘 is:
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∑𝐼𝑖=1 [(
𝛽𝑘 =

𝜕𝜃𝑖 𝑇 𝑘
) 𝒅 ] [𝜃𝑖 (𝑷𝑘 ) − 𝑌𝑖 ]
𝜕𝑷𝑘
2

∑𝐼𝑖=1 [(
where (

𝜕𝜃𝑖 𝑇
𝜕𝑷𝑘

𝜕𝜃

𝜕𝜃

) = [𝜕𝑃𝑘𝑖 , 𝜕𝑃𝑘𝑖 , … ,
1

2

𝜕𝜃𝑖
𝑘
𝜕𝑃𝑁

𝜕𝜃𝑖 𝑇 𝑘
) 𝒅 ]
𝜕𝑷𝑘

(17)

].

After finding the sensitivity coefficients

𝜕𝜃𝑖
𝜕𝑃𝑗𝑘

, the gradient direction ∇𝑆(𝑷𝑘 ), the conjugation coefficient 𝛾 𝑘 , and the

search step size 𝛽𝑘 , the iterative process given by Equation (12) is used. Based on the discrepancy principle (Alifanov,
1994), the process is stopped when the following criterion is met:
𝑆(𝑷𝑘+1 ) < 𝜀

(18)

𝜀 = 𝐼𝜎 2

(19)

The value of 𝜀 is:

where 𝜎 is the standard deviation of the measurement error.
The conjugate gradient algorithm is summarized as follows. Suppose the measured grain temperatures 𝒀 =
(𝑌1 , 𝑌2 , … , 𝑌𝐼 ) at an interior point of grain bin 𝑥𝑚𝑒𝑎𝑠 at different times 𝑡𝑖 (i=1, 2, …, I) are known. Choose an initial
guess 𝑷0 for the vector of unknown parameters 𝑷, and set k=0. Then:

2.

Solve the direct problem and calculate the estimated grain temperatures 𝜽(𝑷𝑘 ) = (𝜃1 , 𝜃2 , … , 𝜃𝐼 ) by using
the estimate 𝑷𝑘 .
Check the stopping criterion given by Equation (18). Stop if satisfied. Otherwise continue.

3.

Calculate the sensitivity coefficients

4.
5.
6.
7.
8.
9.

Calculate the components of the gradient direction ∇𝑆(𝑷𝑘 ) by using Equation (15).
Calculate the conjugation coefficient 𝛾 𝑘 by using Equation (14).
Calculate the descent direction 𝒅𝑘 by using Equation (13).
Calculate the search step size 𝛽𝑘 from Equation (17).
Calculate the new estimate 𝑷𝑘+1 by using Equation (12).
𝑘 ← 𝑘 + 1, and go to step 1.

1.

𝜕𝜃𝑖
𝜕𝑃𝑗𝑘

from Equation (16).

4. RESULTS AND DISCUSSION
In this section, numerical results are presented to show the validity of the conjugate gradient method for estimating
the unknown bulk density and specific heat of cereal grains. Simulated measurements are used as the input data for
the inverse problem. They are calculated from the direct problem solution at sensor location 𝑥𝑚𝑒𝑎𝑠 , by using
preselected values for the unknown parameters. Grain temperature measurements obtained from the solution of the
direct problem 𝑌𝑒𝑥 (𝑡𝑖 ), 𝑖 = 1, 2, … , 𝐼 are errorless. To simulate grain temperatures containing measurement errors
𝑌(𝑡𝑖 ), random errors are added to the errorless measurements:
𝑌(𝑡𝑖 ) = 𝑌𝑒𝑥 (𝑡𝑖 ) + 𝜔𝜎

(20)

where 𝜔 is a random variable with normal distribution, zero mean and one standard deviation. It is within −2.576 <
𝜔 < 2.576 for a 99% confidence interval.
Before solving the inverse problem, the numerical solution of the direct problem is validated. The solution is obtained
for a bed of barley with a depth of 2.2 m, under the conditions listed in Table 1. A finite difference method is used for
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solving the Equations (1)-(10). Figure 1 shows a comparison of our simulation results and those obtained by Sun et
al. (1995). As can be seen, the agreement between the results is very good. The results of Sun et al. (1995) were
validated with measurement data and found to agree within measurement error.
Table 1: Grain and air properties for direct problem validation
Parameter
Air inlet temperature
Air inlet absolute humidity
Initial grain moisture content (dry basis)
Initial grain temperature
Air flow rate
Bulk density of grain (dry basis)
Bed void fraction
Specific heat capacity of dry air
Specific heat capacity of dry grain
Specific heat capacity of water vapor
Specific heat capacity of water

Value
295
9.8135×10-3
0.278
287
0.133
603
0.45
1005
1298
1850
4186

Unit
K
kg/kg
K
kg m-2 s-1
kg/m3
J kg-1 K-1
J kg-1 K-1
J kg-1 K-1
J kg-1 K-1

(a)

296
295
294

g:293

~

292

!

8_ 291
E

~

290

.!:

I!!

G 289
--&-x=0.44m (Sun eta!. (1995]}

288

- -+- - x•0.44m (Our simulation)

····--* ···

x•0.88m (Sun et al. (19951)
-·-lt-·-·x=0.88m (Our simulation)

287
286
0

2

4

6

8

10

Time(day)

(bl

-e- x=D.44m (SUn at al. [19951)

0.28

i

- -+- -

x=D.44m (OUr simulation)

··· ·*·· · x-0.88m (SUn et al. [19951)

-·-><-·-· x-0.88m (OUr simulation)

0.26

c:

:2.0.24

1:

.l!!
C

8 0.22
!!!

i
·is

0.2

:E

e
.!:

0.18

0.16
0

2

4

6
Time{day)

8

10

Figure 1: Grain temperature (a) and moisture content (b) at different bed positions over time
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In the inverse problem, a bed of barley of 0.3m depth is dried for 10 minutes. Other parameters are similar to those
presented in Table 1. The grain specific heat 𝐶𝑔 = 1298 𝐽 𝑘𝑔−1 𝐾 −1 and bulk density 𝜌𝑔 = 603 𝑘𝑔⁄𝑚3 must be
simultaneously predicted from the simulated grain temperature measurements taken at the sensor location 𝑥𝑚𝑒𝑎𝑠 .
During the time interval 0 < 𝑡 ≤ 𝑡𝑓 = 10 𝑚𝑖𝑛, we consider 100 transient measurements to be available. The initial
guesses for the unknown specific heat and bulk density are taken as 700 𝐽 𝑘𝑔−1 𝐾 −1 and 300 𝑘𝑔⁄𝑚3 , respectively.
Table 2 shows the results obtained for the estimated specific heat and bulk density for four different levels of
measurement error. The agreement between the estimated and the exact values is very good, even for large
measurement errors of 𝜎 = 0.01. As the measurement errors increase, the accuracy of the estimation decreases.
Table 2: The effect of measurement error 𝜎 on simultaneous estimation of the exact parameters 𝐶𝑔 =
1298 𝐽 𝑘𝑔−1 𝐾 −1 and 𝜌𝑔 = 603 𝑘𝑔⁄𝑚3 with 𝑥𝑚𝑒𝑎𝑠 = 0.05𝑚
𝝈
0
0.001
0.005
0.01

Parameter
𝐶𝑔
𝜌𝑔
𝐶𝑔
𝜌𝑔
𝐶𝑔
𝜌𝑔
𝐶𝑔
𝜌𝑔

Estimate
1298.1
603.0
1315.0
599.1
1321.9
597.1
1332.7
593.9

Table 3 shows the effect of the sensor location 𝑥𝑚𝑒𝑎𝑠 on the estimation of the unknown specific heat and bulk density.
Four different sensor locations were considered. The values obtained with the sensor located at 𝑥𝑚𝑒𝑎𝑠 = 0 are more
accurate than those obtained with the sensor located at 𝑥𝑚𝑒𝑎𝑠 = 0.1 𝑚. The solution did not converge for the sensor
located at 𝑥𝑚𝑒𝑎𝑠 = 0.2 𝑚 and 𝑥𝑚𝑒𝑎𝑠 = 0.3 𝑚. This shows that the sensor should be located close to the bottom of the
grain bed (where the drying air enters the grain bed).
Table 3: The effect of sensor location 𝑥𝑚𝑒𝑎𝑠 on simultaneous estimation of the exact parameters 𝐶𝑔 =
1298 𝐽 𝑘𝑔−1 𝐾 −1 and 𝜌𝑔 = 603 𝑘𝑔⁄𝑚3 with 𝜎 = 0.01
𝒙𝒎𝒆𝒂𝒔
0
0.1

Parameter
𝐶𝑔
𝜌𝑔
𝐶𝑔
𝜌𝑔

Estimate
1357.8
589.5
1372.5
581.3

Figures 2 and 3 show the convergence history of the conjugate gradient technique for the results presented in Tables
2 and 3, respectively. Figure 2 illustrates that the number of iterations for convergence is reduced when measurements
with random errors are used instead of errorless measurements. That is because of the discrepancy principle used to
compute the tolerance for the stopping criterion. For the results illustrated in Figure 2, we selected a tolerance of 𝜀 =
10−9 for the inverse problem using errorless measurements. Equation (19) is used to compute the tolerance when
measurements with random errors are used in the inverse problem. A much smaller value was selected for the tolerance
when errorless measurements were used.

5. CONCLUSIONS
An inverse algorithm based on the conjugate gradient technique was applied for the solution of the inverse problem
to estimate the unknown bulk density and specific heat of cereal grains during deep-bed grain drying, using the
knowledge of the grain temperature history at one location. Results obtained by using the readings of a single
temperature sensor show that the inverse algorithm provides accurate estimates for the unknowns, even for
measurements containing random errors. The effect of the sensor location on the inverse problem is also discussed.
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The algorithm works better when the sensor is located nearer to the bottom of the grain bed. This work shows the
potential for inverse algorithms to be used in finding grain thermophysical properties using simpler, less labor
intensive methods than are currently used.
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Figure 2: Convergence history for the results shown in Table 2
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NOMENCLATURE
𝐶
𝒅
𝐺
𝐻
𝐼
𝐾
𝑀
𝑁
𝑷
𝑃𝑗
𝑆
𝑡
𝑡𝑓
𝑇
𝑈
𝑥
𝒀
𝑌𝑖

specific heat capacity (𝐽 𝑘𝑔−1 𝐾 −1 )
descent direction
mass flow rate of air per unit bed cross-section (𝑘𝑔 𝑚−2 𝑠 −1 )
absolute humidity of air (𝑘𝑔⁄𝑘𝑔 of dry air)
total number of transient measurements
drying rate coefficient (𝑠 −1 )
moisture content of grain (𝑘𝑔⁄𝑘𝑔, dry basis)
total number of unknown parameters
vector of unknown parameters
jth unknown parameter, j=1, …, N
objective function
time (𝑠)
final time (𝑠)
absolute air temperature (𝐾)
grain bed heat transfer coefficient (𝑊 𝑚−3 𝐾 −1 )
position in bed measured from air inlet (𝑚)
vector with measured temperatures
measured temperature at time 𝑡𝑖 , i=1, …, I

Greek Symbols
𝛽
𝛾
∆𝐻
𝜀
𝜖
𝜃
𝜃𝑖
𝜌𝑎
𝜌𝑔
𝜎
∇𝑆
𝜔

search step size
conjugation coefficient
heat of desorption of water (𝐽⁄𝑘𝑔)
tolerance
void ratio
absolute grain temperature (𝐾)
estimated grain temperature at time 𝑡𝑖 , i=1, …, I
density of air (𝑘𝑔⁄𝑚3 )
bulk density of grain (𝑘𝑔⁄𝑚3 , dry basis)
standard deviation of the measurements
gradient direction
random variable with normal distribution

Subscripts
𝑎
𝑒𝑞
𝑒𝑠𝑡
𝑒𝑥
𝑓
𝑔
𝑖
𝑖𝑛𝑖
𝑖𝑛𝑙
𝑗
𝑚𝑒𝑎𝑠
𝑣
𝑤

air
equilibrium
estimated
exact
final
grain
ith measurement
initial
inlet
jth parameter
measurement location for a single sensor
water vapor
water

Superscripts
𝑘
𝑇

iteration number
transpose
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